
A X I A L L Y  S Y M M E T R I C  S T A T I O N A R Y  T H E R M A L  

I N T E R A C T I O N  O F  TWO B O U N D E D  C Y L I N D E R S  

G.  B .  P e t r a z h i t s k i i  a n d  A. M. P y l a e v  UDC 536.21 

The analytical solution of a two-dimensional problem is discussed for  general l inear  bound- 
ary  conditions with an a rb i t r a ry  distr ibution of heat sources  both inside the cyl inders  and on 
their  plane of contact.  The main difficulty in applying the method of separat ion of var iables  
in the presen t  case is connected with taking into account the "contact" conditions between the 
two cyl inders .  

The presen t  problem is of in te res t  when calculations are  to be made of the tempera ture  fields in 
radioe lec t ronic  ins t ruments .  The resu l t s  we obtain can alsob'e used to analyze thermal  p roces se s  in nuclear  
power engineering and in solving var ious technological problems (welding by fr ict ion,  et al [1]). 

We introduce the following var iables  and defining p a r a m e t e r s  of the p rocess  in question: 

WR dl ~'s (1) 
ui W,R* u = - - ,  6 , =  ~-= , i = l ,  2. 

= t~ ' t A  T '  

We assume that the volume (u i) and surface (u) dimensionless  heat source  intensit ies depend on (~i 
and p) and on p, respect ive ly .  We consider  the boundary problem: 

020~ -I- 00i 0~0i 0p---- ~ -  - - ~  -k ~ = u~ (~ E [0, 6~1, p E [0, 11), (2) 

0010p o=1 § hiO~ 10=1 = h~, O~ Ip=o < oo, (3) 

00~ [ + gi0i [~i=6, = gi, (4) 

1 00~ ~,=0 (5) 
o31 ,_o- Ol L ,=o = T "  ' 

001 ~,=0 = ~' 003 ~,=0 4- u. (6) 
0~1 0~ 

Anticipating the possibil i ty of using the method of separat ion of var iab les ,  we seek a solution of the 
sys tem (2)-(6) in the form 

o~ = 1 + s  (7) 

where  Rin (p) and Zin (~i) sat isfy,  respect ive ly ,  the homogeneous boundary conditions obtainable f rom Eqs. 
(3) and (4). 
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For  the Rin (p) we can take the Bessei  functions [2] of zero o rd e r  of the f i rs t  kind, namely J0 ((~inP) 
where the a in  are  the roots  of the equation 

ainJ:  (sin) - -  h iJ  o (ain) O. (8) 

Assuming that u i for  0 <- p -< I has the expansion 

s ul ~ -  Jo (r Ui~, (9) 
n~|  

we obtain from Eq. (2) the following set of differential equations for the Zin (~i): 

d2Z~. 
--cz~Z. = u i , .  i = 1 ,  2; n = l - - c ~ .  (10)  

Let  ~in (~i) be an a r b i t r a r y  pa r t i cu la r  solution of Eq. (10). Then the general  solution of Eq. (10) which 
takes into account the boundary condition (4) can be wri t ten  in the fo rm 

where  

Z,. = Ci~ [ch (z~ ( ~ , -  5 i ) -  g____L~ sh ai .  ( ~ -  6i) ] q- Oi~ (~i), (11) 
L 06in J 

(Pin ([i) : (Pi~ (~*) - -  g i % ,  (5,) + (p~, (5~) exp [(~i - -  5i) ai~],  (12)  

where in  

d~,~(~i) ~=8, 

The main difficulty in solving the problem is that of determining the constants Cin in taking into 
account the conditions of "contact ."  

We use the represen ta t ion  of the function J0 ((~inP) in the form of an infinite se r ies  in t e rm s  of the 
functions J0 (ajmP) for  0 < p < 1, i ~ j and for m = 1, 2 . . . .  Let  

m ~ l  m ~ l  

(13) 

Taking Eq. (8) into account, we obtain, using formulas  of the type [3] 

1 l 

0 0 

the resu l t s  

(14) 

2 (h 2 - -  hi) J0 (cr cr 
b.~ = (=22~ - -  ~,~.) J0 (~2~) (aL + h~) 

and 

d~m 
2 (h2 - -  hi) a~.Jo (a2.) 

(aL - ~L)  (~L + h~) go (~1~) " 

Let  us assume also that 

u = ~ J0 (al~P) u~. (15) 
n ~ l  

F rom Eq. (6) we obtain, taking note of Eqs. (13) and (15), 

(16)  
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w h e r e  

. s 
m-..~ I �9 

d~ 1 ~  

and 

Qin=~i~ s h a ~ n ~ + g  t ch ~8~. 

Fina l ly ,  us ing  Eqs .  (13) and (16), we deduce f r o m  Eq. (5) the C2n; 

I=1  m = l  

w h e r e  

and 

- -1  

m=l 

P, m = ch a,m8 , + gi , sh al,nS~ + - -  - -  (2 - -  i). 

I n t roduc ing  the nota t ion 
p [,.,2 __ C~2 ~--I ~ 

l m  X~21 Ira ! lm  

~ l m l  l m /  I/ 

2a  

we obtain an infinite system of equations, linear in the Bn, 

Bn+ s B, s Tm,,,~FI.'=V,. 
l ~ l ( n )  m = l  

where a, = ~.~ a~- -a  n . We show that  
_ t  

1 =  1 (n) l =  [ 

n-.~-I = l l (n )  = 

We note f r o m  Eq. (8) and f r o m  Eqs .  (18) and (20) that  

Therefore 

F2 >KI 
~22n ' 

w h e r e  K 1 = rain [(tha2n62-a~ng-1)/(4X(h2-hi)2)]z. Along with this  we  have 
n 

+ s,,§ Tm'zn I < i T~,z~ - -  Tun [ -5 Sl~; Sz~ --- S~ ~-1> + o(~+,) " 
m = l  

(I 7) 

(18) 

(19) 

(20) 

(19a) 

(21) 

(22) 
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w h e r e  

and 

[~ = min (t, n), 7 = max (l, n) 

b 
s ~ 1 ~_a ~.~ (~?m + h~)-I 

a ~ 2 2 

1 ~ dx (x q-- h~) - t  

Using the l a s t  r e l a t i o n  we  find that  

K3 t K4 + in %,~ 
q- - ~ "  2 ' % + h l t  

w h e r e  the Kj a r e  bounded and independen t  of l and n. In addi t ion,  

[ Tn, z. - -  Tz.~. ] < K5 

w h e r e  

K5 <_ (cth an~x) max ( a ~  - -  e?l~)-2, 
m 

H e r e  we can  show boundedness  of  K 5 by use  of the r e l a t i o n  

r a =  1 - -oo .  

( ~ m - - a m ) + t g ( ~ 2 ~ - - e m )  h ~ +  1 q- h , q - I  ~ % r n \  h - - ~ - ] -  ' 

ob ta inab le  f r o m  Eq. (8) fo r  l a r g e  m,  s ince  

Using Eqs .  (22)-(24) and a l so  the obv ious  inequal i ty  

L L 

( ~  a ~ ) 2 <  L ~ a~, 
[ = t  l ~ l  

we deduce  tha t  

o'~ M~ f '  dx 

+ M3M [(a~n + h~) -~ S(2,o) + S(~.s)l + MsSa.~), 

w h e r e  

and 

dx + ; 
S(., b) ~ d (~a2n - -  Xap X~- (~n - -  X~) ~ X b 

Q 

I t  m a y  be shown tha t  a n < K / ~ I n  and the s a t i s f a c t i o n  of inequa l i ty  (21) t h e n b e c o m e s  obv ious .  

(23) 

(24) 
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It is known [6] that a sys tem of the type (19a), subject to the condition (21), has a unique determinate  
solution for an a rb i t r a ry  set  of Vn if 

- s 
0 <  ~ V n ~ < c o ;  wherein B 2 < c o .  

t~-I n~l 

In finding the solution of the sys tem (19a) it  is convenient to combine i terat ion of the values of B n 

for  n > N, if s ~n < 1, with the use of d i rec t  methods (for example,  the method of Gaussian elimination) 
n=N 

for the subsys tem of the sys tem (19a), consist ing of the f i r s t  N equations. 

Finding Cm, subsequent to determining Ctn f rom Eq. (16) and substitution of Cin into Eq. (11), we 
finally obtain an analytic express ion  for @i- The t empera tu re  at an a rb i t r a ry  point of the space (z 6 i -d1 ,  
d2] , r6- [0, R]) can be calculated f rom Eqs. (7) and (11), with Eq. (1) taken into account. 

The solution of the problem is substantially simplified when 

h t ( (  1 and g l  - ~  ~ l ,  (25) 

conditions which are  often rea l ized when mater ia l s  of sharply differing thermophysical  p roper t i es  are  in 
contact (metals and heat insulators) ,  and when there  is a moderate  intensity of heat t r ans fe r  with the s u r -  
rounding medium. 

When the conditions (25) are  sat isfied,  we usually have the valid expansions 

N i 
O~_.l + ZZI,~(~,)JO(cz~p) for N,= I. (26) 

By C r a m e r ' s  Rule we obtain 

C~.~ P~"[ E~ ~m~. 1 Q~,n'tF,flo((z~m) ] 
~F~ D j  ~ ( c r  ~ ' ~- 2 ' ( 2 7 )  

where  

2 2 2 Ns 
h ~ 4~" (h~ - -  hi) 2 2 (zua2"Ptl , Z E,,,Q~ E. = ,a2 D = 1 + . 

( 11 "~ l) (0~2n-- 6r (~2n JV h22) Qtl (aS 1,__.2 ~ D -" x 2m ~li/--2m 

For  the special ease in which ui and u have constant values,  we can determine the (Pin (~i) with the 
aid of the re la t ions  

f~1 2Jt (a~') Jo (%'p) f~x 2h'J~ (a~'~p) 

satisfied for  0 ~  0 <- 1 and h i > 0 1 4 ]  for  the roots  of Eq. (8). Then 

--2h~u, . (i), __ (p~n ( 1 g, exp [a,~ (~, - -  6,)] / 
(28)' 

and 

( hi) ~'Pn%igs%, 

N, 

x Z  
m~l 

2 2 2 2 [~m ( ~  + h~) (%m-- %1) (%m + g~) exp (e~,,8~)1-1 
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2u 1 (ha - -  hi) hl~n 
( ~ - ~,) ( ~  -k g2) (l - -  a~g-1) -1 

x [ 1  glexp(--an61) ( 1 - k a l ~ ~ - g ~  anPnQn )+ u~QnuP~l ]}. (29) 

Thus the t empera tu re  field of the physical  sys tem in which the heat source  intensit ies (ul, u2, and u) are  
constant can, when the conditions (25) apply, be calculated f rom the formulas  (26) when account is taken 
of the re la t ions  (11), (27)-(29), (18) and (20). The method we have descr ibed  can, in conjunction with the 
Laplace t ransformat ion ,  also be used in solving corresponding nonstat ionary problems.  However,  in view 
of their  complexi ty,  the resul t ing formulas  can be conveniently applied only in finding a f i r s t  approximation 
to the solution of the problem,  cor responding  to the so-cal led  regular  state of the sys tem.  

t i 
tc 
Hi, ~'i 

hi 
R 
d i 

N O T A T I O N  

tempera tu re  of i- tb cyl inder  (i = 1, 2); 
ambient  t empera ture ;  
heat t r ans fe r  coefficient  to medium; 
contact  thermal  res i s tance  between cyl inders ;  
thermal  conductivity; 
radius;  
height of cyl inder .  

1. 

2. 
3. 
4. 

5. 

6. 
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